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Diagnostic Ultrasound Tooth Imaging using
Fractional Fourier Transform
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Ultrasound Group, School of Electronic and Electrical Engineering, University of Leeds.
†Division of Medical Physics, University of Leeds. ‡Oral Biology, University of Leeds.
Abstract—An ultrasound contact imaging method is proposed
to measure the enamel thickness in human tooth. A delay-line
transducer with a working frequency of 15 MHz is chosen to
achieve a minimum resolvable distance of 400 µm in human
enamel. To confirm the contact between the tooth and the
transducer, a verification technique based on the phase shift
upon reflection is used. Because of the high attenuation in
human teeth, linear frequency modulated chirp excitation and
pulse compression are exploited to increase the penetration depth
and improve the signal-to-noise ratio. Preliminary measurements
show that the enamel-dentin boundary creates numerous internal
reflections, which cause the applied chirp signals to interfere
arbitrarily. In this work, the fractional Fourier transform (FrFT)
is employed for the first time in dental imaging to separate
chirp signals overlapping in both time and frequency domains.
The overlapped chirps are compressed using the FrFT and
matched filter techniques. Micro-CT is used for validation of
the ultrasound measurements for both techniques. For a human
molar, thickness of the enamel layer is measured with an average
error of 5.5% after compressing with the FrFT and 13.4% after
compressing with the matched filter based on average speed of
sound in human teeth.
Index Terms—Echodentography, tooth imaging, fractional
Fourier transform, coded excitation, linear frequency modula-
tion.
I. INTRODUCTION
THE first ultrasonic observations in dental tissue startedin the 1960s using the pulse-echo technique to evaluate
the tooth enamel, dentino-enamel junction (DEJ) and dentin-
pulp interface [1], [2]. Most of these studies used simple time
of flight measurements by calculating time delay between
the peaks of consecutive reflections utilizing little or no
signal processing techniques [1], [2], [3]. Traditionally, short-
duration pulses are preferred by researchers to achieve better
axial resolution. Some signal and image processing techniques,
such as filtering and envelope detection, were subsequently
used to improve image quality [4], [5]. However, the usage
of coded excitation techniques in echodentography (ultrasound
dental imaging) is not reported. In this work, a linear frequency
modulated (LFM) chirp is chosen as an excitation technique
to improve the signal-to-noise ratio (SNR), penetration depth
and thus the image quality.
The first studies in echodentography started with the fre-
quency range of 6-18 MHz with basic pulse-echo measure-
ments [1], [2]. Later, some researchers are focused on high
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frequency ultrasound to achieve a better resolution. Hughes
et al. have reported the use of a 35 MHz focused ultrasound
piezocomposite transducer for tooth measurements [6]. Scan-
ning acoustic microscopy (SAM) has been successfully used
to image the elastic properties of carious human teeth, charac-
terize the enamel and detect the enamel-dentin interface [7],
[8], [9]. SAM has been described at frequencies around
50 MHz [7], but the highest frequency ever reported was
900 MHz by Raum et al. for tooth characterization [9]. SAM
can be easily achieve sub-millimeter resolution, however it is
not a practical diagnostic method for dentistry. Recently, the
frequency range of 10-20 MHz is more commonly preferred
by researchers due to the high attenuation in human tooth
at higher frequencies [10], [3], [11], [12]. For this reason,
a delay-line transducer with a 15 MHz center frequency is
chosen in this study for the experiments. An extended and
well detailed literature review of all diagnostic applications
of ultrasound in dentistry has been published by Ghorayeb et
al. [13].
The aim of this work is to measure the thickness of the
enamel layer, locate discontinuities and produce an image
of the tooth ex-vivo using ultrasound, which may provide a
significant benefit to patients and dentists. In addition, a priori
knowledge of tooth anatomy allows the early identification
of cracks, decays, enamel loss or other tooth defects, which
can cause inflammation or infection. According to American
Association of Endodontics, it is estimated that 15 million
teeth receive endodontic treatment each year in the USA [14];
early diagnostic information may help dentists reduce this
number. By considering the significance of early detection
of these anomalies on prevention, this work will focus on
dental erosion. Dental erosion or acid erosion is mostly related
with the consumption of carbonated drinks and it can cause
irreversible tooth loss. It is one of the most common chronic
diseases in children with 32% of 14 years showing erosion
of permanent dentition [15]. The rise in consumption of
sugar, coffee, and acidic beverages and disorders, such as
Gastroesophageal Reflux Disease, causes dental erosion and
enamel loss [4]. Monitoring the enamel thickness can provide
dentists with sufficient information to prevent the enamel
loss [16].
In this study, LFM excitation is used to achieve better pene-
tration without degradation of the resolution and the fractional
Fourier transform (FrFT) is utilized to analyze overlapping
echoes, which is caused by the successive reflections inside the
enamel and dentin layers. A tooth phantom is constructed to
test the effectiveness of the proposed technique and the exper-
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TABLE I
ACOUSTIC PROPERTIES OF MATERIALS
MATERIAL Velocity Density Impedance
(m/s) (kg/m3) (MRayl)
Enamela 6250 3000 18.8
Dentina 3800 2000 7.6
Pulpa 1570 1000 1.57
Glass, borosilicate∗ 6025 2475 14.9
Dental Composite∗ 3350 2200 7.4
Waterb 1482 1000 1.5
Glycerin∗ 1910 1265 2.42
Delay-line, polystyrene∗ 2310 1070 2.47
Transducer, PZT-5Ab 4350 7750 33.7
a values are taken from [13]. b values are taken from [17].
∗ values are determined in our laboratory.
imental measurements are performed in the tooth phantom and
an extracted human molar. To perform pulse compression on
overlapping chirps, the FrFT and matched filter techniques are
applied. Micro-CT, again a non-destructive imaging method,
is used for validation of the proposed technique.
II. SIGNAL PROCESSING
Two of the greatest problems encountered by researchers
who have applied medical ultrasound imaging techniques to
dentistry are the dimensions of teeth and the varying speed
of sound in the different tooth layers. In addition, the speed
of sound in enamel and dentin layers is much higher than
in any soft tissue [2]. These two facts inevitably suggest the
use of high frequency excitation and short pulse duration for
better resolution. However, the ultrasonic attenuation in dental
tissue makes signal detection more difficult for high frequency
pulses. The excitation pressure may be increased to achieve
better penetration depth, but this is at the cost of increased
intensity levels and the likely generation of harmonic signals.
Long duration excitation provides a better penetration and
improved SNR by increasing the excitation energy without
changing the peak pressure level, but introduces another
problem when the duration of the ultrasound signal is longer
than the time of the round trip in that tooth layer. The signal
overlapping caused by the successive reflections inside the
enamel and dentin layers makes time and frequency analy-
sis nearly impossible since both constructive and destructive
interference occurs between individual reflections. Due to
these reverberations, the received echoes are not identifiable
in the time domain. In the frequency domain all reflections
completely overlap with each other, where they are not in
phase with the successive reflections. Without filtering, the
resulting waveform cannot be used to determine the tooth
layers.
The proposed solution in this work is to use LFM chirp
excitation by exploiting the fractional Fourier technique. The
FrFT allows frequency modulated signals overlapping in time
and frequency to be separated.
A. Coded Excitation
Coded excitation has been shown to be effective in radar
applications [18] as well as some medical ultrasound sys-
tems [19] by improving the SNR, penetration depth or image
quality. Different methods such as frequency modulation,
phase modulation and Golay codes are compared to find the
most suitable coded excitation technique for ultrasound dental
imaging. Linear frequency modulated chirp signal is chosen
as an excitation technique, since it is reported to have lower
side-lobe levels after compression under high attenuation and
nonlinearity [20].
The complex representation of a linear frequency modulated
signal is
s(t) = A(t) · ej2piφ(t), 0 ≤ t ≤ T (1)
for
φ(t) =
(
fc − B2
)
t+
B
2T
t2, (2)
where A(t) is the envelope of the signal, fc is the centre
frequency, T is the duration, and B is the bandwidth, where
fc−B/2 explicitly denotes the starting frequency of the chirp.
B. Matched Filter
The matched filter (MF) is the most common method for
filtering and compressing chirp signals, where it optimizes
the probability of detection and maximizes the SNR [19].
Therefore, MF is chosen for comparison with FrFT. Using
the likelihood criterion, it can be said that the ideal filter at
the receiver side must be same with the transmitted signal.
Therefore, matched filter is an ideal linear time invariant filter,
which maximizes the SNR [19].
In order to design an optimal receiver, the matched filter’s
impulse response, h(t), must be equal to the complex conju-
gate of time reversal of the transmitted signal. It can also have
a gain of k and time shift, τd, for physical realization. For the
complex signal s(t), the impulse response of the matched filter
is given by:
h(t) = k · s∗(τd − t) (3)
C. Fractional Fourier Transform (FrFT)
The fractional Fourier transform was first introduced by
Namias [21] in its incomplete form. An extended analysis of
FrFT was published by McBride and Kerr [22] upon which
most more recent work is based. The FrFT can be expressed
as
Xα (tα) =
∫ ∞
−∞
x(t)Kα(tα, t) dt (4)
where α defines the order of the transform, Kα(tα, t) is
the transform kernel and tα denotes the variable in the α-
th order fractional Fourier domain, which is the frequency, f ,
for conventional Fourier transform with a kernel of
Kα(tα, t) = exp(−j2pift) . (5)
Whereas the conventional Fourier transform is only a shift
from time to frequency domain with α = 1, the fractional
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Fourier enables transformation on to any line of angle in time-
frequency space, which is achieved by modifying the kernel
to the form [23], [24]
Kα(tα, t) = Kφ exp
[
jpi
(
t2α cotφ− 2tαt cscφ+ t2 cotφ
)]
(6)
where
Kφ = |sinφ|−1/2 exp
[−jpi sgn(sinφ)
4
+ j
φ
2
]
(7)
and
φ =
αpi
2
. (8)
In the case of analyzing overlapped LFM signals the trans-
form order is optimum when it is matched to the chirp rate of
the signal. To achieve maximum compression of the individual
chirp components in the fractional projection, the waveform
can be rotated in the fractional Fourier domain by the optimum
transform order αopt, which is defined as [25]
αopt = − 2
pi
tan−1
(
1
2a
)
, (9)
where a is the chirp rate. For a LFM signal the chirp rate is
a = B/T where B is the sweeping bandwidth and T is total
signal duration. However, in order to calculate the optimal
transform order for the discrete FrFT, the resolution of the
signal both in time and frequency must be known. For the
discrete case, the optimal transform order can be expressed as
αopt = − 2
pi
tan−1
(
∆f/∆t
2a
)
, (10)
for a system with a time resolution of ∆t and frequency
resolution of ∆f in the interval of [-2, 2].
Since the maximum compression is achieved in the frac-
tional Fourier domain, this can be used for analyzing the
signals by recovering the time information. The projection of
the time axis, µt, onto the fractional axis, µα, is calculated as
µα = µt cos(φ) . (11)
Two examples are given to show the compression capability
of the FrFT. Figure 1 and Figure 2 show the fractional Fourier
spectrum of two LFM chirp signals with white Gaussian noise.
In both figures, each horizontal line shows the envelope of
the signal at the specific fractional Fourier domain with the
transform order of α, where α = 0 is the envelope of the
time domain signal and α = 1 is the signal’s frequency spec-
trum. The optimum transform order is calculated according to
Eq.(10), which is αopt = 0.5 for this example. Note that the
optimum transform angle can be between α = −2 and α = 2,
where both angles correspond to time domain, beyond these
boundaries the fractional Fourier domain is repetitive.
In Figure 1, two frequency modulated chirps are shown
with a duration of 2 µs where there is a 10 µs delay between
each chirp signal. This signal is transformed to the fractional
Fourier domain for all α values between time domain (α = 0)
and frequency domain (α = 1) with 0.05 increments. The
maximum compression is observed at αopt = 0.5, where the
chirp signal has the narrowest width in fractional time. Since
both chirps have the same center frequency and bandwidth,
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Fig. 1. Fractional Fourier transform of two different non-interfering linear
frequency modulated chirps. Two chirp signals have a duration of 2 µs, center
frequency of 15 MHz, bandwidth of 10 MHz and starting time of 4 µs and
14 µs.
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Fig. 2. Fractional Fourier transform of two interfering linear frequency
modulated chirps. Two chirp signals have a duration of 2 µs, center frequency
of 15 MHz, bandwidth of 10 MHz and starting time of 6 µs and 7 µs.
they overlap in the frequency domain at α = 1. In Figure 2,
two chirp signals exist with a duration of 2 µs and starting
time of 6 µs and 7 µs. The interfering chirps overlap both
in the time and frequency domains, where separation of the
chirps is not possible in these domains. However, by using
FrFT at optimum transform order (α = 0.5), the chirp signals
are maximally compressed and separation is achieved.
Rather than compression, the FrFT can also be used for
filtering. Windowing in the fractional domain enables isolation
of individual chirp signals [26]. After windowing, the signal
can be rotated by −αopt degrees to restore the signal to the
time domain hence extracting the chirp from overlapped data.
More information on fractional Fourier transform and filtering
in fractional Fourier domain can be found in [23], [24], [27],
[28], [29].
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III. MATERIALS AND METHODS
A. Experimental Setup
The experimental measurements were carried out by a
15 MHz Sonopen Replaceable Delay Line Transducer with
1 mm polystyrene tip (Olympus NDT Inc., Waltham, MA)
in contact with the sample. All experiments were performed
with glycerin couplant at a temperature between 21◦C and
22◦C. The transducer was characterized before designing the
excitation waveforms and it was found that the transducer has a
center frequency of 14 MHz and a −3 dB fractional bandwidth
of 86%. To generate the excitation signals a 33250A Arbitrary
Waveform Generator (Agilent Technologies Inc., Santa Clara,
CA) was used and the signals were amplified by using E&I
A150 RF Power Amplifier (Electronics & Innovation Ltd.,
West Henrietta, NY). Transmitted and received signals were
separated by using a RDX-6 diplexer (Ritec Inc., Warwick,
RI). Then the received signal was amplified by 30 dB for
phantom measurements and 50 dB for tooth measurements
due to the higher attenuation in enamel with a Panametrics
5072PR Pulser/Receiver (Olympus NTD Inc., Waltham, MA).
All measurements were saved by a LeCroy Waverunner 64xi
Oscilloscope (LeCroy Corporation, Chestnut Ridge, NY) for
further processing in Matlab (Mathworks Inc., Natick, MA).
Two different measurements were performed on a tooth
phantom and a human molar with the same experimental setup.
1) Phantom Measurements: The tooth phantom was con-
structed by bonding a 1 mm thick borosilicate glass and
1 mm thick dental composite Herculite XRV Unidose dentin
(Kerr, Scafati, Italy) instead of enamel and dentin [30], where
the acoustic properties of the materials are given in Table I.
The thickness of the phantom layers were measured with a
micrometer screw gauge (Table II). To replicate the effect of
the pulp, the tooth phantom was partially immersed in water
during the experiments.
2) Tooth Measurements: For the tooth measurements, an
extracted human molar with intact enamel layer was burrowed
from the Leeds Dental Institute Skeletal Tissues Bank. Tooth
sample has been stored in a 1% aqueous thymol solution
for 6 months. Before the experiments the human molar was
scanned first with ultrasound and an X-ray scanner µCT 80
(Scanco Medical AG, Bru¨ttisellen, Switzerland) with 40 µm
resolution. Micro-CT data was used to validate the accuracy
of the ultrasound measurements. To perform the experiments
a screw thread was bonded to the tooth samples using a
dental composite and cured by UV light. A high precision
computer numerical controlled (CNC) positioning system with
a positioning accuracy of 50 µm was used to scan the tooth
sample with the ultrasound delay line transducer, as shown in
Figure 3.
B. Coupling Material
Human tooth is a porous material. Without using any
coupling material, the small air pockets between the transducer
and tooth will block the ultrasonic energy transmission due to
the acoustic impedance mismatch between air and enamel. In
order to facilitate the transmission of ultrasound waves into the
sample, a coupling material must be used. Although various
Fig. 3. Experimental setup used for enamel thickness measurements. Tooth
sample is mounted to the moving arm of the CNC positioning system.
Transducer is fixed by a metal profile to a stationary stage. (A) Pulse-echo
measurement is done in a tank filled with glycerin. The tooth is moved away
from the transducer after the measurement. (B) CNC positioning system
rotates the tooth sample and moves in the opposite direction to achieve
a contact with the transducer again. After the positioning the consecutive
measurement is performed.
acoustic couplants are evaluated for tooth imaging [31], water
is usually preferred as a coupling medium for non-contact
ultrasound tooth measurements [1], [3], [10], [32]. However,
the acoustical mismatch between the water, polystyrene delay-
line and enamel will interfere with echoes from target tissue
and decrease the transmission efficiency. In this study, glycerin
is chosen as the coupling material to fill the small pores on
the tooth surface. Since glycerin and polystyrene nearly have
same acoustic impedances (Table I), the transfer efficiency is
improved by minimizing the impedance mismatch.
C. Contact Imaging
For the measurements, tooth sample and the transducer were
immersed in a tank filled with glycerin and controlled by a
CNC positioning system. Even there was a glycerin couplant
between the delay-line and tooth sample, the measurements
were performed in contact mode, where the glycerin was only
used to fill the microscopic pores on the surface of the tooth
sample.
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TABLE II
THICKNESS MEASUREMENTS
Glass Dental composite A.E. M.A.E.
Actual Size 0.998 mm 1.016 mm
Gaussian Pulse 1.006 mm 0.951 mm 36 µm 65 µm
MF (Short LFM) 1.039 mm 1.050 mm 37 µm 41 µm
FrFT (Short LFM) 1.048 mm 1.060 mm 46 µm 50 µm
MF (Long LFM) 1.030 mm 0.975 mm 36 µm 41 µm
FrFT (Long LFM) 0.970 mm 1.012 mm 16 µm 28 µm
∗ (A.E.) Average error, (M.A.E.) Maximum absolute error
For the proposed contact imaging technique, transducer
positioning and having a good contact with the tooth sample is
crucial for accurate measurements. The human tooth however
has a rough and curved surface, which makes it difficult
to achieve a good contact with the probe tip. This contact
problem between the tooth and transducer was solved by
checking the phase of first reflected echo. In the experi-
ments, the acoustic impedances of the polystyrene, glycerin
and enamel was used to verify contact between the delay-
line and enamel by considering the 180◦ phase shift of the
returned echo while the transducer is coupling to the enamel.
Measurements were also performed on the tooth phantom to
test the proposed contact verification method, where results
are given in Experiments section.
A similar contact problem was reported by Louwerse et
al. [16] to show the error in enamel thickness measurements
due to variations in positioning of the probe tip. In this work,
the contact problem was solved by checking the phase of
the reflected signal and by using a CNC positioning system
to increase the reproducibility of the measurements. The
importance of reproducibility of ultrasonic enamel thickness
measurements and the variations is further discussed by Louw-
erse [16].
IV. EXPERIMENTS
To verify the accuracy of the proposed coded excitation
scheme and the fractional Fourier technique, first measure-
ments were performed on a tooth phantom of known di-
mensions. The excitation method was also compared with a
Gaussian pulse of the same bandwidth, which is widely used
by researchers to measure the thickness of the tooth layers [2],
[10], [3], [11], [33], [32], [34].
A. Contact Verification
In all experiments, the phase of the first reflected echo was
used to verify contact between the transducer delay-line and
tooth sample or tooth phantom. However, before performing
the thickness measurements, the contact verification method
was tested on the tooth phantom. Transmitted signal was
captured as shown in Figure 4 (first) and this measurement
was used as a control signal, where a 180◦ phase shift must be
observed when the contact between the delay-line and enamel
is achieved. This phase shift appears, because the imaging
system has two physical interfaces; 1) between the transducer
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Fig. 4. (First) Transmitted Gaussian pulse. (Second) Received signal from
a good contact, where a phase-shifted Gaussian pulse can be seen at 9.5 µs.
(Third) Received signal without any contact, where no reflections can be
observed. (Fourth) Received signal from a partial contact, where the observed
phase shift is not 180◦. (Fifth) Received signal from a partial contact, where
the shape of the Gaussian pulse is distorted.
and the delay-line, 2) between the delay-line and tooth. The
polystyrene delay-line has a lower acoustic impedance than
the transducer (PZT-5A) resulting in a negative reflection
coefficient,
Γ =
Zpolystyrene − Ztransducer
Zpolystyrene + Ztransducer
< 0 . (12)
However while coupling from the polystyrene delay-line to
enamel, the reflection coefficient is positive;
Γ =
Zenamel − Zpolystyrene
Zenamel + Zpolystyrene
> 0 . (13)
Since two reflection coefficients has different signs, a 180◦
phase shift is expected between the signal at t = 0 and
t = 9.5 µs in Figure 4. For a good contact, 180◦ phase shift
was observed between Figure 4 (first) and Figure 4 (second),
which was considered as valid measurement. However if
the waveform is distorted or the phase shift is not 180◦,
the ultrasound measurement was discarded. Figure 4 (third),
Figure 4 (fourth) and Figure 4 (fifth) are some examples, where
the measurements were discarded due to the aforementioned
phase shift technique could not be verified.
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Fig. 5. Comparison of Gaussian pulse with LFM chirp after compressing
with matched filter and FrFT. (T) denotes the reflection from transducer
tip and glass boundary. (G) denotes the reflection from glass and dental
composite boundary. (D) denotes the reflection from dental composite and
water boundary.
B. Thickness Measurements on Tooth Phantom
The tooth phantom was measured with three different ex-
citation signals; a Gaussian pulse, a short LFM signal with
0.5 µs duration, and a long LFM signal with 2 µs duration.
All signals were designed to match the transducer frequency
response, and therefore a center frequency of 14 MHz and a
fractional bandwidth of 80% were chosen. A Hann window
was applied to the LFM signals to reduce the side lobe levels
after compression. The same excitation voltage of 25 Vpp was
used in each measurement.
The Gaussian pulse was chosen to demonstrate the basic
pulse-echo technique and the measurements performed with
the Gaussian pulse were filtered using a band-pass filter.
However, to compress the interfered chirp signals, the LFM
measurements were first filtered using a band-pass filter and
then processed using the FrFT technique or matched filter.
Two different MFs were designed for short and long duration
LFM signals by using the time-reversed complex conjugate of
the transmitted chirps [19]. These were then used to compress
the received signals. FrFT was performed at α = 1.7421 for
the short LFM and at α = 1.3360 for the long LFM, where
the rotation angle is calculated according to Equation (10). In
phantom thickness measurements, both techniques were only
used for compression.
The received echoes for the Gaussian pulse and the envelope
of received signal for the LFM excitation after compressing
with MF and FrFT are shown in Figure 5, respectively.
The time-of-flight between consecutive pulses or compressed
chirps, which are denoted as T, G and D in the Figure 5, were
measured. The time-of-flight information for the signals in the
fractional Fourier domain was recovered by using Eq. (11).
The layer thicknesses were calculated through prior knowledge
of the speed of sound in that material, which is given in
Table I. The average error and maximum absolute error for
each method was calculated and the accuracy of the techniques
is compared using the results given in Table II. Of the tested
techniques, it is found that the LFM signal with 2 µs duration
processed with the FrFT technique gives the minimal error,
which is less than the half of a Gaussian pulse.
C. Enamel Thickness Measurement
To measure the enamel thickness of the human molar, the
tooth sample was mounted to the moving arm of the CNC
positioning system. The transducer was fixed on a stationary
stage and pulse-echo measurements performed with chirp
excitation. Measurement data was obtained through automated
CNC scanning performed in steps of 5◦, as shown in Figure 3.
Only the LFM signal was used for excitation with a duration
of 2 µs, center frequency of 14 MHz, fractional bandwidth of
80%, and excitation voltage of 25 Vpp, which approximately
generates a pressure of 150 kPa inside the enamel.
The ultrasound data was processed in two different ways.
In Figure 6 (top), the matched filter technique was used to
compress the received ultrasound echoes. In Figure 6 (bottom),
the received signals were transformed to the fractional Fourier
domain where the rotation angle was calculated by Equation
(10). The temporal information was recovered back by scaling
the time axis according to Equation (11). By comparing these
figures, it can be observed that the FrFT technique gives a
better compression with a smaller main lobe width and hence
better resolution in the final image, where the features of the
tooth are more distinguishable such as the DEJ at the north-
east of Figure 6 (bottom).
For the tooth measurements, the received signal is atten-
uated not only because of depth and frequency dependant
attenuation, but also because of scattering, dispersion and
absorption [2]. The structure of the dental tissues absorbs
and scatters the sound wave unexpectedly due to roughness
and the irregular curved shape of the tooth. The overall
effect on the received echo is degraded SNR, change in the
envelope shape and reduced bandwidth, which will result
in a discrepancy between the MF and chirp signal. This
phenomenon was observed in the real tooth measurements.
Figure 7 shows the worst case observed in the measurements,
where it was not possible to measure the enamel thickness
correctly with the compression achieved by the matched filter.
In Figure 7 (middle) the reflected echoes from enamel surface,
enamel-dentin boundary and second reflection from enamel-
dentin boundary appears as a single lobe after compression.
In this case, the search algorithm, which uses the findpeaks
function in Matlab to find the local maxima, located the false
DEJ according to the second reflection from enamel-dentin
boundary. However, in Figure 7 (bottom) the compression
achieved by the FrFT clearly shows the difference between
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Fig. 6. Ultrasound image of the tooth scanned with a LFM signal and
processed with MF technique (top) and FrFT technique (bottom). This scan
is performed to measure the enamel thickness of the tooth.
each reflection. In this example, the advantage of the FrFT
over the MF becomes more obvious; transforming the signals
into fractional Fourier domain gives the best compression and
hence increases the probability of the detection of echoes.
In order to compare the accuracy of the FrFT and MF,
the enamel thickness measurements processed with both tech-
niques were plotted on the X-ray scan of the tooth, as shown
in Figure 8. The registration of the Micro-CT slice with the
ultrasound data was done by using the positional information
of the transducer relative to the tooth sample, which was
controlled by the CNC system. In the Table I the typical
acoustic properties of the materials used are shown. Thickness
of the tooth layers were calculated according to these values
by using the time-of-flight measurements.
In the Figure 8, some measurement points between 115◦ and
145◦ are missing, because good contact between the enamel
and the transducer tip cannot be achieved due to the curvature
of the tooth surface. A similar problem was also observed
for the measurement points of 70◦, 235◦, 275◦, and 290◦.
The measurement data for these angles were discarded after
checking the phase of the reflection from enamel surface. The
compression problem explained in Figure 7 was observed at
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Fig. 7. Received signal (top), compressed signal with matched filter (middle)
and signal transformed to fractional Fourier domain to achieve compression
(bottom). (T) denotes the reflection from transducer tip and enamel boundary.
(DEJ) denotes the reflection from dentino-enamel junction. (R) denotes the
reverberation (secondary internal reflection) caused by the enamel-dentin
boundary.
10◦, 30◦, 125◦, 160◦, 190◦, 210◦ and 340◦, which increases
the error for the MF technique.
In order to compare the real values with the data processed
by the FrFT and MF techniques, an edge detection algorithm
was used to measure actual enamel thickness from the Micro-
CT image. The edge detection was performed by the edge
function based on the Sobel method in Matlab, which finds
edges in the image using the Sobel approximation to the
derivative of the Micro-CT data. The maximum relative error
observed for the MF was 113% and the maximum absolute
error was 860 µm, which was expected because of the
aforementioned compression problem. However the maximum
relative error for the FrFT was 33% and the maximum absolute
error was 370 µm. The average relative error values are also
calculated in order to make a fair comparison between the
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Fig. 8. Figure shows the ultrasound enamel thickness measurements mapped
on Micro-CT image. Black crosses represent the outer surface of the tooth.
Blue dots show the ultrasound measurements processed with FrFT. Red
squares show the ultrasound measurements processed with matched filter. The
image dimensions are 14 mm × 12 mm.
phantom and tooth measurements. The mean absolute error
for the FrFT was 45 µm and the average relative error was
calculated as 5.5%, which was higher than the 1.6% error
achieved in the phantom measurements for the same technique.
The mean absolute error calculated for the MF was 109 µm
and the average relative error was 13.4%, which was more
than double of the error observed for the FrFT.
V. DISCUSSION
In this work, time-of-flight measurement for a human mo-
lar was performed with a delay-line transducer in contact
mode. The use of similar transducers, such as delay-line or
thickness gauge, is common for dental measurements [16],
[35], [36]. Researchers, who used similar transducers, con-
cluded that ultrasonic measurement of enamel thickness is
feasible without any enamel preparation. This improves the in-
vivo applicability of the proposed contact imaging technique,
since teeth can be examined without cleaning or any further
processing. However, SAM can achieve better resolution and
perform more accurate measurements [9], [37], but it cannot
be used practically for real-time in-vivo diagnostic imaging in
dentistry.
The main limitation of this method, time-of-flight measure-
ment, is that the velocity of the medium must be known a
priori. However, without knowing the exact speed of sound
in tooth layers, the average velocity values can be used
with a cost of increased error. In this study, experiments
are performed on two different samples; a phantom with
known material properties and a human tooth. Tooth phantom
measurements showed that the thickness of the glass and
dental composite can be measured with a 1.6% error, where the
average error increased to 5.5% for the real tooth sample using
the FrFT technique. The average error for the matched filter
was calculated as 3.6% for the tooth phantom and 13.4% for
the real tooth measurements. The error for the FrFT technique
is within the speed of sound variations observed for different
tooth samples. The average speed of sound measured by
several researchers is 6250 m/s with a deviation of ± 410
m/s [2]. In a study focused on enamel thickness measurements,
researchers used an average speed of sound of 6500 m/s and
reported an average error of 50 µm [35]. This is similar with
mean absolute error of 45 µm for the FrFT technique observed
in this study, which is based on using averaged speed of sound
values.
For the experiments performed with human teeth, it is
difficult to evaluate the accuracy of the measurement technique
since this study was based on the average sound velocities in
dental tissues. The speed of sound varies in different sections
of enamel and dentin layers even within the same sample [38].
It was previously reported that there is a great variance be-
tween measured tooth samples [2], [3]. Additionally, ultrasonic
wave propagation in human teeth is not trivial due to the
anisotropic structure of tooth, where the speed of sound can
vary within the same tooth in different directions [39], [38].
In Figure 8, for angles between 300◦ and 325◦ the ultrasound
measurements did not match with the X-ray scan of the tooth.
The reason for the mismatch is the anisotropic structure of the
tooth. It was measured that the density of the enamel layer
between these angles was roughly 9% higher than the average
enamel density. Rose et al. showed the correlation between the
sound velocity and bone mineral density in tooth [40], where
higher mineral density increases the speed of sound. This is
the reason why the enamel thickness measured less in this
region.
For in-vivo tooth measurements, the expected error will be
similar with the ex-vivo measurements performed in this study.
It is shown that by storing the tooth sample in aqueous solu-
tions, the mechanical properties of tooth can be protected [9].
The speed of sound will be similar for a moist extracted tooth
and non-extracted tooth, where the hardness and the sound
velocity of the tooth will crucially change after drying [41].
In this study, the tooth sample was always stored in an aqueous
solution in order to eliminate the drying effect. Temperature
will be another important variable for the in-vivo and ex-vivo
measurements. However, it is proven that the measurements
performed at 21◦C and 34◦C do not have significant difference
for a human incisor teeth [35].
VI. CONCLUSIONS
In optics and signal processing the fractional Fourier trans-
form (FrFT) has many applications, although there are only a
few examples of the application of FrFT in ultrasound [42],
[43], [26]. In this study, the ultrasonic non-destructive eval-
uation of human teeth using chirp coded excitation together
with FrFT was performed. The FrFT was used for the first
time to analyze the received echoes by separating chirp signals
overlapping in both the time and frequency domains in dental
imaging. The proposed technique was used to measure the
thickness of the enamel layer in human tooth.
Besides measuring the thickness of tooth layers, other
possible applications for this method are locating the cracks
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inside the tooth and analyzing the restoration faults under the
fillings. Dentists appeal to visual and endodontic examination
methods or dental radiographs to diagnose cracked teeth.
These methods are usually not effective in the early detection
of cracks before the crack causes an infection [5]; however the
coded excitation improves the detectability of the small cracks
by increasing the SNR. Another major problems encountered
in dentistry is the bonding faults between dental composite and
tooth. Conventional radiography cannot be used for imaging
of radiopaque restoration material, but the ultrasound is able
to penetrate into the hard structures and can detect cavities
under existing restorations [11], [44]. The proposed contact
imaging method combined with coded excitation and the FrFT
technique can be used as a diagnostic tool in dentistry to
measure the enamel thickness, locate the cracks inside the
tooth and analyze the possible restoration faults.
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